The electronic states and coupling effect in the laterally stacked symmetric and asymmetric
INTRODUCTION
The study of the coupling between QDs is important due to the resulting unique material properties and potential for novel photonic devices [1] [2] [3] [4] [5] . Coupled QDs are also attractive from the point of view of quantum information 3 . To understand the properties of coupled QDs requires understanding of the correlation and binding between them [7] [8] [9] [10] [11] . Therefore, the development of a clear criterion of coupling is very important. The task is complicated as there are symmetric and asymmetric pairs that can be formed in the growth process. Many excellent studies have focused on vertically stacked QD systems 4, 5 . In the 1 x x Ga Al As − type structures the confinement potential with the high accuracy is approximated by parabolic potential in many works 6, 11 . However, this approximation is applicable only for the lower two or three levels of the energy spectrum. Actually, for highly excited states with increasing quantum number, the confinement potential course is considerably differs from the parabolic one. For more successful and realistic approximation of the formed potential we suggest using of MPT potential 12 . Choice of this particular potential is explained by the fact that for small values of the energy the potential becomes parabolic. On the other hand, at higher values of the particle energy the discrepancy of the MPT potential from parabolic one is increasing. Thus, violation of parabolicity of confinement potential can be taken into account. Another factor causing choice of MPT potential is its finite height, unlike parabolic potential. The potential of finite height allows considering also quantum ejection of a particle from QD (delocalization) or, for example, effect of photoionization.
In the present article the horizontally coupled QD pair is considered and the both symmetric and asymmetric QDMs with parabolic and MPT confinement are discussed. It is revealed that the coupling criterion of QDs is the energy levels split as a result of the coupling. Because of the asymmetry of QDM the split part of the electron energy spectrum has step-like behavior, which is coupling criterion as well. In asymmetric QDM with MPT confinement the energy levels split area (coupling criterion) is formed as a consequence of the finiteness of the confinement potential leap. *dvoyan@gmail.com
THEORY

Approximation by parabolic potential
Consider an asymmetric molecule consisting of two horizontally aligned QDs (see Fig. 1 that the asymmetry of a QDM is expressed not only on the sizes of QD components, but also on Al concentration. We consider that the confinement potential forming during QD growth depends not only on the object sizes but also on material compound. Then the potential energy along the axis connecting QDs centers can be represented in the following form (see Fig. 2 a) ): (1)) the totally symmetric QDM is turned out. It should be also noticed, that strictly speaking, taking account the Al concentration, the effective masses of the electron is necessary to consider different. In this case, we limit to consideration of more simple case of ( )
where the following notations are introduced: is the oscillatory length. After simple transformations, one can obtain the solutions of (2) in the form of ( ) ( ) 
where: 
Approximation by modified Pöschl-Teller potential
Consider an asymmetric molecule consisting of two horizontally aligned QDs of 
Here 1 U % and 2 U % are QD L and QD R depths, correspondingly (see Fig. 2 
where the following notations are introduced:
. After introducing the effective energy ( ) ( ) (6) can be written in the form of ( )
where new notations are introduced:
s it is necessary to understand only the positive value:
. Equation (7) is the Legendre equation 
The solutions of equation (8) 
where 1 C is normalization constant. 
After analogous calculations, one can obtain the following expression for the QD R WFs: 
DISCUSSION OF RESULTS
As already noted, most of the QDMs during growth are asymmetric (see Fig. 1 ). However, in the several cases the QDs are very similar as by sizes (difference is not exceed 10%), and by composition, and one has the symmetric QDM. Fig. 3 a) represents the energy dependence on the dimensionless parameter γ , which is describing the confinement potential in the case of symmetric QDM. As it is seen from the figure, each energy level splits into two close levels, which is the criterion of the coupling of two QDs. With increasing of the slope of the confinement potential curve (the parameter γ ), the energy levels are increased, the splitting is reduced, and curves are merged. Thus, for the first level in . It is explained by the fact that with increasing γ ( Al concentration) the potential barrier between two QDs is increased, which is in its turn leads to the reduction of the tunneling effect. By other words, the levels positioned lower weakly "feel" the coupling of QDs, while higher positioned levels are able to "feel" each other. In its turn it means that experimentally reveal the coupling (even weak) of two QDs is already possible for the first levels. The situation is radically changed for the case of the asymmetric QDM. Fig. 3b ) illustrates the energy dependence on the slope of the confinement potential curve in the case of the asymmetric QDM. Let us note that the asymmetry is partial, as the 1 2 , a b γ γ γ ≠ = = case is considered. As it is seen from the figure, a few first levels are not split, and are lowered with increasing parameter γ . While higher levels are split and increased with increasing γ . This reverse behavior is a consequence of the fact that at small values of the energy the particle is localized in a deeper well (in the left well on the Fig. 3b) inset) . At the large values of the energies the particle with some probability is localized also in the second QD (the right well in the Fig. 3b) inset) . Increasing of γ leads to the deepening of the first well, as well as the barrier increasing between two QDs. For this reason the splitting of higher levels is reducing with Al concentration increasing (the slope of the confinement potential curve) as the probability of the electron tunneling through barrier is decreased. Thus, for the first split level in the case of E Δ ≈
Symmetric and asymmetric QDMs with parabolic potential approximation
, which is about 3.4 times less from the symmetric QDM case. , which is about 2 times less from the previous case. At the same time, the certain non-monotonic behavior of the energy levels is observed: the lower split level is decreasing at first, then increasing and merging the monotony decreasing upper split energy level. This behavior is explained by the fact that increasing of parameter a is accompanied with increasing the potential barrier, and the deepening of separate quantum wells of each QD, as well as the narrowing of localization area of the electron. The first circumstance lowers the energy level, whereas the presence of the second leads to the energy increasing because of size quantization contribution increase. These two effects concurrence leads to the non-monotonic behavior of the lowest energy level, as the lowest level "feels" above mentioned concurrence more strongly.
The dependence of energy on the position of the left QD center in the case of the totally asymmetric QDM ( 1 2 , a b γ γ ≠ ≠ ) is represented on the Fig. 4 b) . As one can see from the figure, with increasing parameter a , non-split levels positioned in more deeper potential well QD, are increasing due to the above mentioned narrowing of localization area of the electron. For the higher energy levels the concurrence of both mechanisms is observed, and the levels behavior becomes non-monotonic. However, in contrast to the symmetric case, the energy level splitting does not vanish, and the curves do not merge. In the case of the asymmetric QDM, there is the electron relocalization (leaping) from the higher positioned quantum well to the lower. Such reconstruction of the electron energy spectrum is principally impossible in the symmetric QDM, as the quantum wells are identical. The step-like behavior of the split levels is observed namely due to the asymmetry of QDM. It should be noted, that the split energy levels do not intersect (see Fig.   4 b) inset), but only approach each other (
). As they get very close (the particle energy becomes similar in both wells), the particle jumps over from small QD into the large one. This fact is explained by the density of probability of the electron localization (for a given energy) in the area of the wider well. In other words, for a fixed value of energy, the electron is localized in the wider area due to small contribution of size quantization. Fig. 5 a) represents the energy dependence on the dimensionless parameter α , which is describing the confinement potentials depth (reverse quantity) in the case of symmetric QDM. The totally symmetric QDM is considered:
Symmetric and asymmetric QDMs with MPT potential approximation
As it is seen from the figure, energy levels are split as a consequence of tunneling possibility between QDs. With increasing of parameter α the energy levels are increased as a consequence of SQ increasing, because the larger values of α answers the smaller value of quantum well width. The energy increase is accompanied with a reduction of energy splitting (curves are merged), since at a fixed value of the distance between the QD centers, the α parameter increasing leads to increasing the potential barrier between the two QDs and a corresponding reduction of the tunneling probability. The well width reduction leads to a rapid decrease in the splitting of the ground state, whereas the splitting of excited states is slower, because the tunneling probability for the higher energy levels reduces slower due to relatively small width of barrier (see Fig. 3 a) U U U = = .). As it was expected, with increasing of well depth the electron energy is lowered. As it is seen from the figure, an increase of depth creates new levels in the well, which are immediately split. Further increasing of the depth leads to a splitting reduction, because at the same time the potential barrier height between QDs is increasing, which is leads to reduction of the tunneling probability. Thus, for the first level in the case of
The dependence of energy on the position of the QDs centers in the case of symmetric QDM is shown on the Fig. 6 a) . It is obvious from the figure, that an increase of the distance between QDs makes the split curves merged as expected. . At the same time, the certain non-monotonic behavior of the energy levels is observed. That is, the lower split level is decreasing at first, then increasing and merging the monotony decreasing upper split energy level. This behavior is explained by the fact that an increase in the parameter 0 x is accompanied by an increase in the potential barrier and therefore a deepening of the separate quantum wells of each QD, as well as a narrowing of the localization area of the electron. The first reason is responsible for lowering the energy level, whereas the presence of the second leads to the energy increasing because of the SQ contribution increase. These two effects lead to the non-monotonic behavior of the lowest energy level, as the lowest level is affected more strongly by both of these factors.
An analogous behavior of energy levels is observed also in the case of the symmetric parabolic QDM. However, in this case the energy split is shown more distinctly, which is conditioned by the additional factor -finiteness of the confinement potential. By other words, in the case of realization of MPT confinement potential it is possible with some probability an ejection of an electron from QD, which is principally impossible in the case of parabolic confinement. Namely by this fact the additional split of energy levels is conditioned. Thus, at analogous values of the two type QDMs parameters the ground state split for parabolic molecule is 0.76
, whereas for MPT molecule is
1.89
MPT R E E Δ ≈ (see Fig. 4 . a) and Fig. 6. a) ).
The dependence of energy on the position of the QD L in the case of the totally asymmetric QDM is represented on the Fig. 6 b) . With increasing parameter 1
x , non-split levels are rising in QDM, which are decreasing and show step-like behavior. Further increasing of the parameter 1
x leads to formation of the energy levels split for a given range of values of energy. However, as opposed to the symmetric case, the energy levels split are not vanished, and the curves are not merged. In the case of the asymmetric QDM, there is the energy level relocalization from the higher positioned quantum well to the lower. Such reconstruction of the electron energy spectrum is principally impossible in the symmetric QDM, as the quantum wells are identical. The step-like behavior of the split levels is observed namely due to the asymmetry of QDM. It should be strongly noticed, that the split energy levels do not intersect, but rather just approach one to another. As they are enough closed (the particle energy is become almost similar in both wells), the particle jumps over from small QD into the large one. It is explained by the density of probability of the electron localization (for given energy) in the area of the wider well. In other words, for the fixed value of the energy, the electron is localized in the wider area due to small contribution of SQ.
Non-split energy levels are located below splitting for a given range of values of energy, which are absent in a symmetric QDM. The similar non-split levels are present also in the case of asymmetric parabolic QDM. The lower three energy levels turn out almost equidistant, as in parabolic well, whereas higher energy levels are not equidistant any more due to non-parabolicity of potential. In QDM with MPT confinement with increasing parameter 1
x , levels at first decrease because of initial deepening of the left well, and then remain unchanged. Further increasing of parameter 1
x is not influence them because the distance of two wells is not alternate deepening of one of them anymore. Hence, the energy level in the QD L is less influenced the QD R . Unlike this case, in the QDM with parabolic confinement an increase in distance results in a lowers energy level. In other words, the finiteness of the potential allows a successful modeling of the coupling process of QDs' in the QDM. On the other hand, the finiteness of the potential complicates experimental detection of coupling (split area) as it is narrowed. Note also, that even at relatively large distances between QDs (large values of parameter 1 x ), weakly split levels ( 0.3 R E E Δ ≈ ) of the split area are located over non-split levels, which are absent in the symmetric case. U increase leads to such reconstruction of the spectrum, where some mechanisms compete. At first, levels located in deeper left well monotonously decrease because of deepening of the well. It in its turn provokes jump (tunneling) of levels from less deep right well to left, with which non-monotonic step-like behavior of splitting for a given range of values of energy explained. Such redistribution of density of probability of electron localization leads to rising of new levels getting to QDM from continuous spectrum, which also shows step-like behavior. Leaps of steps correspond to hit of new levels in QDM, which completely reconstruct the energy spectrum. The similar behavior is observed in the case of deepening of the right well, but vice versa.
The results show that in asymmetric QDM with MPT confinement potential the important criterion of QDs' coupling in molecule is arising of intermediate area of energy levels, and non-monotonic behavior depending on QDM parameters as well. The split of energy levels due to the possibility of tunneling is observed both in asymmetric and in symmetric droplets. However, all energy levels are subject to splitting in the symmetric droplet, whereas the specific intermediate splitting area, positioned between non-split levels, is observed in the asymmetric case.
CONCLUSION
We have obtained the analytical expressions for the energy spectrum and WFs of the electron for a QDM. The cases of both the symmetric and asymmetric QDMs with parabolic and MPT confinements are discussed. The results shown that the coupling criterion of QDs is the energy levels split, which arises due to the tunneling effect. The split of energy levels is observed both in asymmetric and in symmetric droplets. Levels split in QDM with MPT confinement is shown much more brightly compared to the parabolic case, which is conditioned by additional factor − finiteness of the confinement potential leap. In the case of the asymmetric QDM the mechanism of the electron relocalization (leaping) from the narrow QD into the wide one due to the tunneling is revealed in the case of parabolic and MPT QDMs as well. This effect is principally impossible in the case of symmetric QDM for both confinements. Non-split of the lower energy levels is also revealed, which is absent in the symmetric cases. It is also shown that due to the asymmetry of QDM the split electron energy spectrum has a step-like behavior (coupling criterion) both in MPT and parabolic approximation cases. We have revealed that in asymmetric QDM with MPT confinement potential the specific energy levels split intermediate area is formed as a consequence of the finiteness of the confinement potential leap. This energy levels split area is positioned between non-split levels and is the important criterion of QDs' coupling in molecule.
